Abstract. For a subgroup L of the symmetric group S ℓ , we determine the minimal base size of
Introduction
Bases are a fundamental tool in permutation group theory and are used extensively in computational group theory (cf. [16] ). For a permutation group G on Ω, a base is a subset B of Ω with the property that only the identity of G fixes every point of B. The base size of G on Ω, denoted by b Ω (G) or b(G), is the minimal size of a base for G. In this paper, we study the base sizes of imprimitive linear groups.
Let V d (q) denote a d-dimensional vector space over the finite field F q . For any positive integer ℓ and subgroup L of the symmetric group S ℓ , the wreath product GL d (q) ≀ L acts naturally on V d (q) ℓ as an imprimitive linear group (cf. Section 2). In our first result, we determine the base size of GL d (q) ≀ L in terms of the distinguishing number of L on [ℓ] := {1, . . . , ℓ}; this latter quantity, denoted by d [ℓ] (L) or d(L), is the minimal number of parts in a partition of [ℓ] for which only the identity of L fixes every part. 
where c = −1 or 0. Theorem 1.1 gives an upper bound on the base size of any irreducible imprimitive linear group, for we may view such a group H as a subgroup of GL d (q)≀L where L is the transitive group induced by H on the d-dimensional F q -vector spaces of a direct sum decomposition preserved by H (cf. Lemma 2.4). In fact, if the decomposition preserved by H is as coarse as possible, then the group L is primitive (cf. Lemma 2.4), and if L is not the full symmetric or alternating group, then d(L) 4 by [4, 6, 15] (cf. Theorem 2.3), so we obtain the following consequence of Theorem 1.1. Theorem 1.1 is proved using a result of Bailey and Cameron [1] that describes the base size of GL d (q) ≀ L in terms of the number of orbits of GL d (q) on spanning m-tuples, which are m-tuples (v 1 , . . . , v m ) ∈ V d (q) m such that v 1 , . . . , v m span V d (q) (such sequences are referred to as ordered multi-bases in the more general setting of [1] ).
In our next result, we determine the number of orbits of GL d (q) in its natural action on the set of spanning m-tuples; here we find another interpretation for the Gaussian binomial coefficient m d q , which equals, for instance, the number of d-dimensional subspaces of an m-dimensional F q -vector space. As an application, we use Theorem 1.1 to prove a conjecture of Pyber for certain affine groups. Given a permutation group G of degree n, there is a trivial lower bound on b(G), namely log |G|/ log n, as each element of G is uniquely determined by its action on a base. Pyber conjectured in [13] that there exists an absolute constant C such that b(G) C log |G|/ log n for every primitive permutation group G of degree n. This conjecture has now been verified for all non-affine groups [2, 3, 7, 9] , as well as for affine groups that are soluble [14] or coprime [8] , or those whose stabilisers are primitive linear groups [10, 11] .
Thus the remaining open case for Pyber's conjecture consists of affine groups whose stabilisers are imprimitive linear groups. Here G = V : G 0 and acts on V , where V is an F p -vector space for some prime p and the stabiliser G 0 is an irreducible imprimitive subgroup of GL(V ). We focus on (not necessarily primitive) affine groups G for which G 0 is a large subgroup of GL d (q) ≀ L where L is one of several families of groups. (
where ℓ = mr and m, r 2. Then there exists an absolute constant C such that
where n = q dℓ is the degree of G. Moreover, we can take C = max{2, log 2c log 2 } when (i) holds, C = 3 when (ii) holds, and C = 2 when (iii) or (iv) hold.
More precise estimates for C may be deduced from the proof of Theorem 1.4 in Section 5. For ℓ 2, the affine groups V : G 0 of Theorem 1.4 are primitive precisely when L is transitive and (d, q) = (1, 2) (cf. Lemma 2.4), so Theorem 1.4 includes genuine primitive affine groups.
Condition (i) of Theorem 1.4 holds for many permutation groups, including those that are primitive but not S ℓ or A ℓ , as previously mentioned. Indeed, Dolfi proves in [6] that if L is a (not necessarily transitive) permutation group on [ℓ] for which no primitive constituent contains
It would be interesting to prove Theorem 1.4 for all transitive subgroups L of S ℓ . In order to apply our methods in general (cf. Lemma 5.1), it would suffice to prove that log d(L) (C/ℓ) log |L| + (C − 1) log 2 for some absolute constant C where C > 1. Remark 1.5. As stated, our main results on base sizes only apply to linear groups, but each result can be interpreted for the appropriate semilinear groups, for if
To see this, let B be a base for H ∩ GL(V ). Choose a primitive element ζ ∈ F q and a non-zero vector v ∈ B. Then B ∪ {ζv} is a base for H.
Both Corollary 1.2 and Theorem 1.4(ii) depend on the classification of the finite simple groups, for their proofs rely on the result referred to above concerning the distinguishing numbers of primitive permutation groups.
This paper is organised as follows. In Section 2, we state some definitions, notation and preliminary results. In Section 3, we prove Theorem 1.3; in Section 4, we prove Theorem 1.1 and Corollary 1.2; and in Section 5, we prove Theorem 1.4.
Preliminaries
Let H and K be groups. We denote a semidirect product of H and K (in which H is normal) by H : K. If K acts on [ℓ] := {1, . . . , ℓ}, then K acts on H ℓ by permuting coordinates, and this action defines the wreath product H ℓ : K, which we denote by H ≀ K. Suppose in addition that H acts on Ω. Now H ≀ K has two natural actions. One is the product action on Ω ℓ , in which K acts by permuting coordinates and ( 
In contrast, the distinguishing numbers of most primitive permutation groups are very small. Cameron, Neumann and Saxl [4] proved that all but finitely many primitive subgroups of S ℓ not containing A ℓ have distinguishing number 2 (using different terminology), after which Seress [15] classified the exceptions. Dolfi [6, Lemma 1] then proved that the distinguishing numbers of the exceptions are at most 4. We state this result here for convenience.
Let
If L is the group induced by H on {V 1 , . . . , V ℓ } and dim Fq (V i ) = d for 1 i ℓ, then we may assume that H GL d (q) ≀ L; in particular, this occurs whenever L is transitive. Note that the action of the imprimitive linear group GL d (q) ≀ L on V d (q) ℓ is precisely the product action defined above.
An affine group with socle V and stabiliser H is the group G = V : H arising from the natural action of H on V . Note that H is the stabiliser of the 0 vector. The action of G on V is primitive precisely when H is an irreducible subgroup of GL(V ) with V viewed as an F p -vector space.
The following is a collection of basic results concerning imprimitive linear groups.
Lemma 2.4. Let V be a finite-dimensional F q -vector space and H GL(V ) where H is imprimitive. Let V = V 1 ⊕ · · · ⊕ V ℓ be a decomposition preserved by H where ℓ 2, and let L be the subgroup of S ℓ induced by
if and only if L is transitive and (d, q) = (1, 2).

Proof. (i) If H is irreducible and I is an orbit of
with an even number of non-zero entries is preserved by H, a contradiction.
(ii) If L is not primitive, then H preserves a coarser decomposition of V .
(iii) If V : H is primitive, then H is irreducible and we may apply (i). Conversely, suppose that L is transitive and (d, q) = (1, 2). Let U be a non-zero F p -subspace of V preserved by H where p is the characteristic of F q . Let 0 = u = (u 1 , . . . , u ℓ ) ∈ U . Without loss of generality, we may assume that u 1 = 0. Since (d, q) = (1, 2), there exists v 1 ∈ V 1 \ {0, u 1 }. Since H contains a subgroup S that is transitive on V 1 \ {0} and fixes V i pointwise for 2 i ℓ, the vector v := (u 1 − v 1 , u 2 , . . . , u ℓ ) ∈ U . Thus (v 1 , 0, . . . , 0) = u − v ∈ U , and it follows as above that (w 1 , 0, . . . , 0) ∈ U for all w 1 ∈ V 1 . Since L is transitive on [ℓ], we conclude that U = V . Hence V : H is primitive.
Orbits on spanning tuples
Recall that for non-negative integers m and d and a prime power q, the Gaussian binomial coefficient is defined by
Recall also that Next we give a simple estimation for the Gaussian binomial coefficient.
Lemma 3.1. Let d and s be positive integers and q a prime power. Then
Proof. Observe that
In particular, the lower bound holds. Moreover, Lemma 3.5] , the upper bound holds.
Base sizes of imprimitive linear groups
We begin by establishing the first equality of Theorem 1.1. 
, a multi-base of length m is a spanning m-tuple for each positive integer m. Thus we may apply Theorem 1.3 and Proposition 2.1.
Next we establish some bounds on the base size of GL d (q) ≀ L; these we will use to determine the second equality of Theorem 1.1. 
where c(q) := 1 − 
as desired. Similarly, again by Lemmas 3.1 and 4.1,
Proof of Theorem 1.1. The first equality is Lemma 4.1, so we focus on the second. For (d, q) = (1, 2), by Lemma 4.1, In particular, we may assume that 
Pyber's conjecture
We begin with a sufficient condition for Pyber's Conjecture in the case of affine groups with specified stabilisers.
Lemma 5.1. Let d and ℓ be positive integers and q a prime power. Let L S ℓ and
for some absolute constant C where C > 1, then
where n := q dℓ .
Proof.
Dividing both sides by d log q and adding d + 2, we obtain 
